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Let 944 = KInh (1 - in), a formal power series in the indeterminate X, 
and let T(X) = ~l/~~q@), a formal power series in A+/~~; q(x) is essentially Dede- 
kind’s q-function. For every complex simple Lie algebra g, Macdonald [9] 
has discovered a formula for 7(x)dim s; F. J. Dyson had found these formulas 
for g classical. Each such Macdonald identity is a certain specialization of a 
multivariable Macdonald identity (see [9] ; Dyson had also discovered the 
multivariable identities for g classical). This identity can be interpreted as the 
analog of Weyl’s “denominator formula” for the infinite-dimensional GCM 
(or Kac-Moody) Lie algebra 6 = g @c C[t, t-l] (the complex Lie algebra 
obtained by tensoring g with the algebra of finite Laurent series in one variable 
t); see [6(b), lo]. The designation GCiU refers to the fact that the Lie algebras 
are defined by generalized Cartan matrices; [3] contains an exposition of these 
Lie algebras (cf. also [2, 11). 
Now Kac [6(a)] has classified the automorphisms of finite order of complex 
semisimple Lie algebras, and in particular, he has associated with each such 
inner automorphism 0 of g a natural subalgebra g’ of g such that g’ E Q. It 
turns out that 0 and g’ lead to a new one-variable specialization of the unspeci- 
alized (multivariable) Macdonald identity referred to above. From this view- 
point, Macdonald’s formula for TV’* a corresponds to the trivial automorphism 
8 = 1. Theorem 1 below gives the result of this new specialization for a certain 
interesting inner automorphism of order h + 1 of g, where h is the Coxeter 
number of g; note that Theorem 1 gives formulas for every positive power 
T(x)‘ank 9 of T(X). In the case g = sI(2, C), Th eorem 1 reduces to Euler’s classi- 
cal formula for T(X) (cf. [I, Sect. 71, where Euler’s formula is viewed in a way 
that is perhaps less satisfying). Theorem 2 gives the result of the new speciali- 
zation for Kostant’s “principal” automorphism of order h induced by a Coxeter 
element of the Weyl group (cf. [7(a), (d)]). The case g = sI(2, C) of Theorem 2 
is a classical formula of Gauss for ~(x)~/q(x”) found in [5, p. 2841. The case 
g = sI(n, C) of Theorem 2 is a formula for q(~)“/q(x~), and the case 
g = so(2n - 1, C) is a formula for T(x)“/~(x”). Theorems 1 and 2 include 
several new formulas for the generating function q(x)“4 of Ramanujan’s P 
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function (cf. [4, Chap. Xl). Other (not necessarily inner) automorphisms of 
g produce other interesting identities. For g fsI(2, C), all these formulas 
appear to be new. 
All these identities are part of a theory [8(b)] which among other things 
generalizes the main relative-Lie-algebra-cohomology result in Kostant’s 
paper [7(c)] to all (possibly infinite-dimensional) GCM Lie algebras (see 
[3] for the analogous generalization of Kostant’s paper [7(b)]). This theory 
generalizes and reexplains R. Bott’s “strange equality” [7(b), p. 3291 and predicts 
the CW-complex structure of certain path spaces in compact Lie groups. These 
path spaces, studied by Bott using Morse theory around 1960 [unpublished], 
turn out to be related to the new identities in the same way that finite-dimensional 
generalized flag manifolds are related to Weyl’s classical denominator formula. 
The path space associated with Macdonald’s original formula for Taco s 
is the loop space Q(G) of the compact simply connected Lie group G with 
complexified Lie algebra g. The theory in [8(b)] is based on generalized Verma 
modules. It includes a natural new approach to the construction of “minimal 
K-types” for finite-dimensional irreducible representations of complex semi- 
simple Lie groups [l 11, and leads to new “minimal K-type” results [8(a)]. 
THEOREM 1. Let g be a complex simple Lie algebra with rank 1 and Coxeter 
number h; E, a Cartan subalgebra; A C Ij* the set of roots; Ijw* C Q* the real span of 
A; 11 . /I2 the canonical quadratic form on IJ,* induced by the Killing form of g; 
01~ ,..., 01s E A a set of simple roots; A+ the set of positive roots; p = $CBEd+ /3; 
p’ = 4 &.,,+ 2/3/l] /3 II2 (the half-sum of positive roots for the root system dual to 
A); t,b E A+ the highest root; W, the aj%e Weyl group, i.e., the group of a@te 
automorphisms of Ij,* generated by the “simple reflections” with respect to the 
a@se hyperplanes $ = 1, LQ = 0, o2 = 0 ,..., 01s = 0, of I&* (here I&* is identified 
with its dual via (1 . II”); l(w) the length of a shortest possible expression of w E W, 
as a product of simple reflections. Then 
dx)” = c l-1) 
Z(Wo) X~~h+l~/4~~llw~2P~-P'l~h+l~ll*-l12~-~'l~h+l~ll~~ 
wow, 
Moreover, 
kp1~2p -4’2, 
h:l (1) 
so that 
dx)z = c (-1) 
Z(w) X~~h+l~/4~~lw~210~-o'/~h+l~~~2 
(2) 
WE w, 
THEOREM 2. Use the notation of Theorem 1, and let m, ,..., m, be the exponents 
of g. Then 
q2(x)l n (1 -xm*+nh) = c (-1) Z(w) X(h/4)(llw(2p)-(~'!h)112-i121)-(~'lh)Ila) 
lad+ 
i=l.....Z 
WEW, 
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Express the left-hand side in the (unique) shortest possible way in the form 
dx)z+l fl de n vVJ)-l, 
where the di > 1 and ej > 1 are distinct divisors of h. Then. 
so that 
y(xy+l I-J q(xCii) JJ 7)(XeJ)--l = c (- 1) z(m) X(h/4)llw(2~)-(~‘/h);:* (4) 
z j msw (I 
Remark 1. Equations (1) and (3) are new kinds of “strange formulas” in the 
spirit of the Freudenthal-de Vries “strange formula” I/ p II2 = dim g/24; cf. 
[9, p. 951. Note that (1) and (3) involve the canonical form 11 . /12, the number 24, 
and both p and p’. 
Remark 2. The left-hand side of formula (4) in Theorem 2 is as follows : 
Type of g 
A,(/> 1) 
Left-hand side 
F4 
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Remark 3. The number in formula (3) is 0 for g of type A, , D, , E, , E, , E8 ; 
(1 - 1)/24 for BL and C, (I > 2); 6124 for F4 ; and 4124 for G, . 
Remark 4. For g = eI(24, @), formula (4) yields the two formulas 
where 7 is Ramanujan’s T-function and Yz4 is the permutation group of { 1,. . . ,24}, 
and 
where p is the classical partition function. 
Theorems 1 and 2 are proved in [8(b)]. 
Note added in proof. After this work was completed, it came to my attention that the 
specialization that I used to prove the first formula in Theorem 1 had already been used 
for a different purpose by Macdonald in [9, p. 1251. Also, formulas (1) and (3) above 
suggested to me that a similar “strange formula” might hold whenever the automorphism 
of finite order of g is such that the product side of the associated specialized identity 
can be written in the form Hi &zmi) Hj p(x”j)-I. This has in fact been proved by Deligne 
and Kazhdan (see Kac, “Infinite-dimensional algebras, Dedekind v-function, classical 
Mobius function and the very strange formula,” preprint), and independently by 
Macdonald. Using this, Kac and Macdonald have independently generalized the above 
Theorems 1 and 2. 
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